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In this paper we find all integer points of the elliptic curve JJ = .Y’ -4.x + 1. We 
also show that T,. Tls, Tzo. Ta4. T,,,, and Tzz,736 are the only triangular numbers 
that are products of three consecutive integers. ( I988 Academic Press. Inc 
INTRODUCTION 
Mordeli [2] has shown that all integer solutions of the equation 
y(y+ 1)=x(x+ 1)(x+2) are x=0, -1, -2, JJ=O, -1; x= 1, y=2, -3; 
x=5, y= 14, - 15. To find all tetrahedral numbers which are triangular 
Abahecol [ 1 ] solved the equation ~JJ( y + 1) = x(x + 1 )(x + 2) and 
obtained all positive integer solutions given by x = 1, y= 1; x = 3, JJ= 4; 
x=8,y=15;x=20,~=55;andx=34,y=119.Inthispaperwesolvethe 
diophantine equation y’ = x3 -4x + 1 completely and then find all 
triangular numbers which are products of three consecutive integers. 
THEOREM 1. The integer points (.u, y) on the elliptic curve 
1’2 = x3 - 4s + 1 (1) 
are given by 
(x,Y)=(-2, &1),(-l, k2),(0, klL(2, kl),(3, k4),(4, f7),(10, &31), 
(12, +41), (20, +89), (114, f 1217) and (1274, +45473). 
Proof If x = 0 then J” = 1 and we have (x, y) = (0, f 1). If x is 
negative, setting x = -t, t positive we obtain y* = - t3 + 4t + 1. Then 
-t3+4t+1 20 yields t= 1 or 2, whence (.u, y)=(-1, +2), (-2, kl). 
From now on we consider x positive. 
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From Delone and Fadeev’s “The theory of irrationalities of the third 
degree” we note the following facts in Q(e) given by 
.f(0)=03-4e+ l=O. (2) 
(i) The integers in Q(0) are a + h8 + co*, where a, h, c are rational 
integers. 
(ii) The class number h = 1 and hence unique factorization exists in 
Q(e). 
(iii) The discriminant O(0) being 229 > 0, f(0) = 0 has three real 
roots. Hence there are two fundamental units. 
Using Billevich’s algorithm we find the two fundamental units to be tI 
and 8 - 2. Since l/0 = - t12 + 4, - e2 + 4 and 0 - 2 are taken as the funda- 
mental units for simplifying the calculations. 
Equation (1) can be written as 
1’2 = (x - 0)(x’ + i3.Y + fl’- 4). (3) 
Let rt be a common prime factor of x-8 and x2 +0x+8’-4. Then 
x = B(mod n) and hence .x2 + 8x + 0’ - 4 = 3t12 - 4 = 0 (mod II). Since 
)N(38* - 4)1 = 229 is prime, 302 - 4 is the only possible common prime 
divisor, and we have 
x- 6’= +(38* -4)” ~“q’(u+ btl+ cf3*)*, (4) 
where E = 8 - 2, q = - 8’ + 4, and n, p, q E { 0, 11 as the other powers can 
be absorbed into the square term. 
Taking the norm on Eq. (4) with n = 1 we see that J* = x3 - 4u + 1 = 
2292” which is clearly impossible. Hence 
x-8= f~“rf(a+b0+ct12)’ (5) 
has four possibilities (p, q) = (0, 0), (1, 0), (0, l), (1, 1). We consider each 
case separately. 
Case 1. (p, q) = (0, 0). Using 13~ - 48 + 1 = 0 and expanding the R.H.S. 
of (5) we get 
a’-2bc= fx (6) 
2ub+8bc-c’= fl (7) 
b2 + 4c2 + 2uc = 0. (8) 
From (8), b is even. Hence UC is even. From (7). c is odd. Therefore a is 
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even. Substituting a = 2a,, b = 26, in (7) and taking congruence modulo 4, 
we see that the positive sign on the R.H.S. of (7) is impossible. Hence 
a’-2bc=x (9) 
2ab + 8bc - c’ = - 1. (10) 
From (8) we get (b/2)’ = - c(c + a/2). Since (a/2, c) = 1 implies 
(c,u/~+c)= 1, we take -c=u’, a/2+c=v2 or c=u2, a/2+c= -v2 and 
b = f 2uv. Since u divides b and c, u divides the L.H.S. of (lo), whence 
u = k 1. Hence f 8v(v2 - 1) = 0. Either o = 0 or v = f 1. Taking v = 0, 
u= *I we get c= *I, a= f2, b=O. Again v= &l and u= kl yield 
c=-1, a=4 or c=l, a=-4; b=&-2. Hence (a,b,c)=(2,0,-l), 
(-2,0, I), (4,2, -l), (4, -2, -1) (-4,2, I), (-4, -2, 1). Then x= 
a* - 2bc implies x=4, 20, 12. Thus we have (x, y) = (4, f7), (12, f41), 
(20, k 89 ). 
Case 2. (p, q) = (0, 1). Using (!I’-48 + 1 = 0 and expanding the R.H.S. 
of x - 0 = k (4 - 0*)(a + b8 + ~fl*)~ we get 
4a2-c2+2ab= fx 
b’+4c’+2ac= fl 
u*-2bc=O. 
(11) 
(12) 
(13) 
From (12) and (13) it is clear tht a, b, and c are even, odd, and even, 
respectively. Therefore the negative sign is not possible in the R.H.S. of 
( 12). Hence we have 
b2+4cZ+2ac= 1 
4a’-c’+2ab= -x. 
(14) 
(15) 
Using (13) (14) and (15) we see that 
(i) neither a nor c is zero because ,Y # 0, 
(ii) b and c have the same sign while a and c have opposite signs, 
(iii) if (a, b, c) is a solution so is (--a, -b, -c) and they yield the 
same value for X. 
Hence without loss of generality we assume that b and c are positive. 
Therefore a is negative. Since a2 = 2~. b and (2c, b) = 1, take 2c = u2, b = v2, 
and a = -MU, where u and v are of the same sign. Substituting the values of 
a, b, and c in terms of u and v in (14) we get 
u4+v4-u3v= 1, uv # 0, u even, v odd. (16) 
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Taking u and t) positive and writing (16) in two different ways as 
u3(u - u) + u4 = 1 and u4 + o(u3 -u’) = 1 we see that neither u > u nor u > u. 
Again u = u is impossible because u is even and u is odd. If u and v re both 
negative, then setting u = -u, , u=-u,in(16)weobtainu’:+u~-u$,=l 
with u,, u1 positive which is the same equation as (16). Thus, (16) has no 
integral solutions. 
Case 3. (p, q) = ( 1, 1). We have 
-u-H= &(f-2)(4-e*)(A+Be+CO*) 
= T(~+~)(G~)*(A+HI+c~~)* 
= f (6’ + 2)(a + be + ~0~)~. (17) 
Expanding the R.H.S. of (17) and using 19~ - 48 + 1 = 0 we get 
2a*-b*-4c2-2ac-4bc= TX 
a’+4b2+ 14c2+8ac+ 14bc+4ab= &l 
2b2 + 7c2 + 2ab + 8bc + 4ac = 0. 
The above three equations reduce to 
a’-2bc= +l, 
-c2+4a2+2ab= f2.q 
(18) 
(19) 
and 
c* = 2b2 + 8c2 + 2ab + 8bc + 4ac. (20) 
From (18) and (19) we see that a is odd and c is even. Then the negative 
sign on the R.H.S. of (18) is impossible by congruence modulo 4. So we 
have 
a’-2bc= 1 
-c2+4a’+2ah= -2x. 
(21) 
(22) 
Now we discuss x even and x odd separately. If x is even, then b is even. 
Taking b = 2b,, c = 2c, Eq. (20) can be rewritten as 
c:=(2c, +b,)(a+2b, +4c,). (23) 
In (20) c = 0 implies b(a + 6) = 0. Since a + b is odd, b = 0. Then from (21), 
a2 = 1, whence x = - 2. Similarly b = 0 leads to the same conclusion. Hence 
for positive x we have b # 0, c # 0. From (21) we see that b and c have the 
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same sign. Since (a, h, c) and ( --a, -!I, -c) appear as solutions we can 
take both h and c positive. Since (2c, + h, , a + 2h, + 4c,) = 1 we have 
2c, +b, =u’, a+2h, +4c, =u2, and c, = fuu. (24) 
Therefore u # 0, u odd. We note that u and u have the same sign if c, = MU 
and u and u have opposite sign if c, = -UP. 
Using (24) with c, =uu Eq. (21) reduces to o’+4u4+ 12u’u2- 8u3u= 1 
while c, = - uu transforms (21) to z14 + 4u4 + 12u’tl’ + 8u3zl = 1. Since 
v4 + 4u4 + 3211%’ - 8u311= (2~’ + 2~0)’ + 8u’u2 + u4 and y4 + 4u4 + 12~‘~~ + 
8u30 = (2~’ + 2~40) + 8~~0’ + u4, p4 + 4~” + 12~~21” - 8u3c = 1 and L!“ + 
4u4 + 12~‘~’ + 8u3n = 1 are impossible for u # 0. 
If .K is odd, then h is odd. Now we have a, h, and c odd, odd, and even, 
respectively, and 
2c; = (2c + b)(a + b + 2c). (23’) 
Now c = 0 implies u2 = 1 and b(a + h) = 0. Since b is odd, a + h = 0. Then 
(a,b)=(l, -1) and (-1, l), whence I= -1. Since x is positive, c#O. 
From (21) we see that h and c have the same sign. We can take b and L 
positive since (a, b, c) and ( --a, -b, -c) appear as solutions. Since a is 
odd, (2c+b, a+b+2c)= 1. We take 
2c+b=uZ(odd), a+b+2c=2u’, and c, = fuu. (25) 
Using (25) with c, = kuu Eq. (21) yields 
4u4 + u4 + 12u2u’ f 4u3v = 1 
Since 4u4 + u4 + 12u’u’ f 4u3u = 42+ + ( u2 f 2uu)? + 8u2u’, 4u” + u4 + 
12~‘~’ f 4u30 = 1 is impossible. Thus we have no solution for odd x. 
Case 4. (p, q) = (l,O). Expanding the R.H.S. of x - 8 = f (0 - 2). 
(a + b6’ + &I’)’ and equating the coefficients of like powers as before we get 
-2a’-h2-4c2+4bc-2ac= ks (26) 
a2+4b’+18c2-4ab-18bc+8ac= Tl (27) 
- 26’ - 9c’ + 2ab + 8bc - 4ac = 0. (28) 
If x is even, then we see that b is even, a is odd, and c is even from (26), 
(27), and (28), respectively. Taking congruence modulo 4 in (27) the 
negative sign on the R.H.S. of (27) is ruled out. Therefore, we have 
a’-2bc= 1, (29) 
-4a”+c’-2ah= -2.x, (30) 
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and 
c5=(2c, -h,)(-a+2h, -4c,), where b=2h,andc=2c,. (31) 
From (28) and (29) we see that h =0 implies c=O and conversely. Then 
a2 = 1, whence x = 2 and (x, y) = (2, -f: 1). 
Now we consider h # 0, c # 0. Since b and c are of the same sign and 
(a, b, c) and ( -a, - 6, -c) appear together as solutions, we can take both 
h and c to be positive. Since (2c, -/I,, -u+2b, -4c,)= 1 we have 
2c, -b, =u’, -u+2h, -4c, =?, c, = *uo (321 
or 
b, -2r, =u’, u-2/?, +4c, =u*. Cl = fuu. (33) 
We note that u and u have opposite sign if c, = -uu and u and u are of 
same sign if c, = uu. Using (32) and (33) with c, = uu Eq. (29) reduces to 
4u4 + r4 - 12u2v2 - 8u3u = 1 and 4u4 + v4 - 12~~21’ + 8u3v = 1. Again with 
c, =24c we get the same two equations. Since the equation 
4~’ + u4 - 12u’o’ - 8u3z1 = 1 is obtainable from 4u4 + u4 - 12u’a’ + 8u3tl = 1 
by taking (u, u) = (-u, u) or (u, -u) it is enough to consider 
4u4 + u4 - 12~&7~ + 8u3r = 1 (34) 
with uz, positive and uu negative. 
If .Y is odd, then from (26), b is odd. If c = 0, then from (28), b(u - b) = 0. 
Since b is odd, u-b = 0 or a = h. But from (29) we have a’ = 1 when c = 0. 
Thus (u,b,c)=(l, 1,0) and (-1, -1,O) yield (x,y)=(3, f4). 
Suppose c # 0. We have a odd, b odd. and c even and 
2cf=(2c-b)(-u+h-2c). 
Arguing as before (see (25)) we get 
u* - 2bc = 411~ + u4 - 1 2u2u2 2 4~4% = I, uu # 0. 
Again it is enough to consider 
4u4 + u4 - 12u’u’ + 4u3u = 1 
with uv positive and uu negative. 
The diophantine equation (34) can be written as 
(35) 
u*+ 1 VI-1 
u*(3L~+u)(~-zu)=~.-. 
2 
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If v’ = 1, then u’(3v + U)(D - U) = 0, whence u = 0 or u = 2~ or u = - 3~. Then 
we have (u,u)=(O,l), (0, -l), (l,l), (-1, -l), (-3,1), (3, -1). If 
u2=l, then (u,u)=(l, 1), (1,3), (-1, -1) (-1, -3) are also solutions. 
Suppose U’ > 1 and t? > 1. Now u2 divides one of ( v2 + 1)/2 and (v’ - 1)/2 
but not both. Again writing 4u4 + v4 - 12u2v2 + 8u3v = 1 as (2~’ + 224~)’ + 
r2(v2 - 16~‘) = 1 we see that z? 3 16~’ is impossible. Therefore v2 < 1624’. 
If u2/(v’ - 1)/2, then (r2 - 1)/2u* is a positive integer, less than 
( 16~’ - 1)/2u’ = 8 - 1/2u”. Hence (0’ - 1)/2u* = 1, 2, . . . . 7 or vz = 2u2 + 1, 
4u’ + I, . . . . 14u’ + 1. 
We consider (3v + u)( u - u) = (v’ - 1)/2u’ (D’ + 1)/2 for (v’ - 1)/2u’ = 
1, 2, . . . . 7. For example, when (v’ - 1)/2u’ = 4 our equation 3v2 - 2uv - u’ = 
(v’- 1)/2u’.(v’+ 1)/2 becomes 3(8u’+ 1)-2uo-u’=4(4u2+ 1). On 
simplification we get 7~’ - 2~0 - 1 = 0 or v = (7~” - 1)/2u. Then 
((7~’ - 1)/2u)’ = v2 = 8~’ + 1 yields (17zl’ + 1 )(u’ - 1) = 0, whence u = &- 1 
and v = + 3. We solve 3v’- 2uv - u* = (v’ - 1 )/2u2. (v” + 1)/2 as above for 
every value of vz as listed above. Similarly, if u2/(v’ + I)/2 then 
(v’ + 1 )/2u2 < 8 + 1/2u2, whence (0’ + l)/2u2 is a positive integer 68. We 
solve 3~’ - 2uv - u2 = (v2 + 1 )/2u2. (v’ - 1)/2 for (v” + 1)/2u* = 1, 2, . . . . 8. 
We do not get any new solution (u, 11). Hence all positive solutions for 
4u4 + v4 - 12~‘~’ + 8u3v = 1 and 4u4 + u4 - 12~‘~’ - 8u3v = I are given by 
(u. v) = (1, I), (1, 3), and (3, 1 ), respectively. They in turn give (a, h, c) = 
( - 3, 2, 2), (- 11, 10, 6), and (19, 30. 6). Substituting these values in (30) we 
get .Y= 10, 14, 1274. Thus we have (x, y)=(lO, +31), (114, tl217). 
1274, +45,473). 
The diophantine equation (35) can be written as (u’ + 2uv)’ + 
4v2(v’ + 424’) = 1. Since v2 34~’ is impossible, v’ < 4~‘. From (35) we have 
4u’- 1 12v2-4uU-u’=P= 
(2v2- 1)(2v’+ 1) 
U2 u2 (36) 
Since 20’ - 1 and 2v” + 1 are two consecutive odd integers uz divides one of 
them but not both. If (2~” - 1)/u’ is an integer then (2v’- 1)/u’< 
(8~’ - 1 )/u’ < 8. Since (2~’ - 1)/u’ is an odd integer, (2v’- 1)/u’ = 1, 3, 5, 
or 7. Similarly (2v2 + 1)/u’ = 1, 3, 5, or 7. We solve (36) for each case and 
obtain no solution. Thus we have Theorem 1. 
THEOREM 2. Let the yth triangular number t y( y + 1) he denoted by T.,.. 
Then T3, T,, ,  T2,, T44, Tbo8, and T22.736 are the only triangular numbers 
that are products of three consecutive integers. 
Proof. We consider the diophantine equation 
y(y + I ) = 2X(X + 1 )(x + 2) 
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when x and y are positive integers. Substituting Y = 2y + 1 and X=: 2x + 2 
in the above equation we get 
Y2=X3-44x+ 1, 
where X is an even integer 24 and Y is an odd integer 2 3. We look 
for solutions (X, Y) satisfying the above from the set of solutions of 
Y2=X3-4X+1. We have (X, Y)=(4,7), (10,31), (12,41), (20,89), 
(114, 1217), and (1274,45,473), whence y = 3, 15, 20, 44, 608, and 22, 736. 
Therefore, T,, T,,, T,,, Td4, Teo8, and T,,,,,, are the only triangular num- 
bers that are products of three consecutive integers. 
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